1. Introduction. In this paper we investigate the question of which continuous {0, 1}-valued functions on a product space II{X a : a £ A} admit continuous extensions to Tl{pX a : a £ A) where pX a is the Stone-Cech compactification of X a and {0, 1} denotes the two point discrete space. This problem is clearly equivalent to determining which clopen subsets of II{X a :
s. Thus h is a continuous map from IT{i£ a : a G A} to II{i£ a * :a É ij. As noted above, there is a map g : (II{i£ a : a G ^4})* -> II{i£ a * : a G ^4} such that g -k = h. Clearly g is the map described in the statement of the theorem. Furthermore, g is continuous, as k is a quotient map, g is onto (because h is onto), and g is one-to-one by Lemma 2.1.
2.3
Definition. Let {X a : a: G ^4} be a family of spaces, and let / : II {X a : a G ^4} -» {0, 1}. Then/is called finitely decomposable if there exists a finite subset T 7 = {«i, . . . , a n } Ç ^4, and finite decompositions (into pairwise disjoint clopen sets) T* of X ai for i = 1, . . . n such that/ is constant on each set of the form IlfC* : i = 1, . . . n) X Ilf^C* : a 5* ai, i = 1, . . . , n\ where Proof. Sufficiency. Suppose / is finitely decomposable. Then there is a finite subset F = {«i, . . . , a n } Ç A and finite decompositions T* of X ai such that/ is constant on each set of the form IT^C* : i = 1, . . . n) X II{X a : a ^ a tl i = 1, . . . , n), where C* G T f . Since each C t is clopen, the set If we define 0, = \k a f(W) C\ X aj : W G T/} for j = 1, . . . , n, then it is easy to see that/ is finitely decomposable with respect to the decompositions 6 j of X aj for j = 1, . . . , n.
It is clear that no special property of fiX was used in Theorem 2.4 other than the fact that clopen subsets of X have clopen closures in pX. Proof. Conditions i), ii), and iii) are shown to be equivalent for any family of (not necessarily O-dimensional) spaces in [8] and are included to provide a contrast to iv), v) and vi). Conditions i) and iv) are shown to be equivalent in Theorem 2.3 of [3] . Since statement iv) means precisely that every continuous {0, l}-valued function on II{X a : a £ A} admits a continuous extension to Ilj^oXa : a G A}, by Theorem 2.4 and the remarks following it, we get the equivalence of iv) and v). If we consider any finite family of O-dimensional spaces X u i = 1, . . . , n then every continuous function on II{X* : i = 1, . . . , n) depends on finitely many coordinates. However, if X t is a non-pseudocompact space for each i = 1, . . . , n, then IlfX* : i = 1, . . . , n\ satisfies the second part of condition vi) but not the first. Furthermore, in [4] an example is given of a O-dimensional, non-pseudocompact product space, all of whose finite subproducts are pseudocompact. Evidently, this space satisfies the first part of condition vi) but not the second. Hence, neither of the two parts of condition vi) may be removed.
3. The product of two spaces. The following theorem is the ''0-dimensional analogue" of Theorem 2.1 of [6] . The proof requires only minor modifications of the original proof, to which the reader is referred.
THEOREM. Let X and Y be 0-dimensional spaces. If X X Y is {0, 1}-embedded in /3X X F, then either X is pseudocompact, or Y is a P-space (a P-space is a space in which every G h is open).
An investigation of the proof of Theorem 2.2 of [3] shows that for 0-dimensional spaces X and F, X X F is {0, 1}-embedded in fiX X F if and only if X X Fis {0, l}-embedded in /3 0 X X F. Thus, li f3X X F" may be replaced by Proof. By hypothesis X X F is {0, 1}-embedded in j3X X F, hence also in PoX X F by the remarks above. If F is pseudocompact, then /3QX X F is pseudocompact, and then, by Theorem 2.2 of [3] poifoX X Y) = p 0 X X PQY, i.e. p 0 (X X Y) = PoX X j8 0 Y (as X X Y would then be {0, 1}-embedded in fioX X PoY) which is contrary to the hypothesis that (X, Y) is a proper {0, l}-pair. Thus, Y is not pseudocompact. Hence, by Theorem 3.2, X is a P-space. Similarly, F is a P-space. Proof, i) => ii). Since X X F is pseudocompact, p(X X Y) = f$X X @Y by Theorem 1 of [8] , and hence X X F is a {0, l}-pair. Thus by Theorem 3.4, both TT X and ir Y are clopen maps. Since both X and Fare continuous images of X X F, both X and Fare pseudocompact (note that this implication does not make use of the O-dimensionality of X and F).
ii) => i). Since w x is clopen, X X F is {0, 1}-embedded in X X I3Y by Theorem 3.4. Thus, by the remarks preceding 3.3, XX F is {0, 1} -embedded in X X fioY. Since X is pseudocompact and fioY is compact, X X /3 0 F is pseudocompact. Thus, by Theorem 2.2 of [3] , p 0 (X X ftF) = £ 0 X X PoY. ButX X F is {0, 1}-embedded in X X £ 0 F, hence X X F is {0, 1}-embedded in 0 O X X /3 0 F, i.e. 0o(X X F) = 0 O X X 0 O F. By Theorem 2.2 of [3] , X X F is pseudocompact. Thus, the proof does not require the hypothesis that T Y be clopen, although this must be the case by Theorem 3.4.
